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§ 1. Introduction. 

In recent years, a class of function theoretic problems have acquired 
a steadily increasing importance, viz. problems of the following nature. 
We consider an otherwise arbitrary analytic function y = y{x) of the 
complex variable x, and this function y is assumed to be holomorphic 
inside the circle \x\ < R; in other words, we consider an arbitrary 
power series in x with a radius of convergence ^ R. Moreover, we 
assume regarding this function that \y \ < M, or dt{y) < A, or similar 
conditions,! all this for | a; | < R, and finally that we know the value of 
the function at a given point inside the circle, usually the center, i.e., 
y(0) is known. What further general statements may then be made 
regarding the function, what may be said of its absolute value, of its 
real or its imaginary part, of its zeros or of regions where there are no 
zeros, of its derivative, and so forth? 

Before presenting my own investigations, I shall review briefly (and 
to the extent of my knowledge of the literature on the subject) the more 
or less special results in this direction obtained by those mathematicians 
who have made substantial contributions to the solution of problems of 
this nature. To facilitate comparison, I shall use greatly changed nota- 
tions throughout, which are in accord with those I use later on. 

* Undersogelser over en Klasse fundamentale Uligheder i de analytiske Funktioners Theori. 
D. Kgl. Danske Vidensk. Selsk. Skrifter, Naturv. og Mathematisk Aid., ser. 8, vol. 2, p. 199- 
228 (1916). Essential parts of this paper were communicated earlier in two lectures, one on the 
occasion of presenting these investigations to the Royal Danish Academy of Sciences at the 
meeting Nov. 19, 1916, and another, previous to this, before the Copenhagen Mathematical Society 
Sept. 16, 1915, on reckoning with ordinary complex numbers with applications to function theory. 

t For the notations, see § 2. 
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2 J. L. W. V. JENSEN. 

1. (1869.) In the first place, mention should be made of a proposi- 
tion due to Schwarz^ which may be stated as follows: When y, besides 
being holomorphic and less than AI in absolute value inside the circle 
I X I < R, has the property that 2/(0) = 0, then we have f or | x | < R 

, , M\x\ 

7/ -= 

12/1 = 2 ' 

Carath^odorj^^ was probably first in emphasizing the great importance of 
this proposition, and proved it in a very simple and elementary manner. 
The name " Schwarz' lemma " introduced by this author will be ad- 
hered to in the following. 

2. (1892.) Toward the discovery of properties of y inside the circle 
frequently referred to, when a positive upper bound of the real part of 
the function is given, Hadamard' made a contribution which led Borel* 
to the following solution of a problem of this kind : 

\y\<\ ^y(0) I + I Qy(0) \ + (4A+2\ %(0) I ) -^^Sjjj, 

where A denotes an upper (positive) bound of the real part ^{y) of y, 
and ^(y) is the " imaginary part " of y (or more correctly expressed, 
the coeflBcient of i in the purely imaginary part). Schotfcky^ improved 
upon this solution by means of the following formula obtained from the 
Cauchy integral 

\y\s\ Sy(0) \+i^£\ mire'') \ de ■ ^+|^| , 

where \ x\ < r < R. In accordance with the line of reasoning in the 
paper quoted in the footnote, this formula gives, with the notations used 
above 

\y\s\ %(0) I + (2A - %(0)) §P^- 

iH. A. Schwarz, "Zur Theorie der Abbildung." Programm der eidgenossischen polytech- 
nischen Schule in Zurich fiir das Schuljahr 186^70; Gesammelte Mathematische Abhandlungen 
(Berlin, 1890), vol. 2, p. 108-132 (see p. 110-111). 

^ C. Carath^odory, " Sur quelqvies generalisations du thdorftme de M. Picard," Comptes 
rendus de l'Acad6mie des Sciences, vol. 141, Paris, 1905, p. 1213-1215. 

E. Landau, " Ueber den Picardschen Satz," Vierteljahrsschrift der naturforschenden Ge- 
sellschaft in Zurich, vol. 51, 1906, p. 252-318 (see p. 271). 

C Carath^odory, " Untersuchungen iiber die konformen Abbildungen von festen und ver- 
anderlichen Gebieten," Mathematische Annalen, vol. 72, 1912, p. 107-144 (see p. 110). 

' J. Hadamard, " Sur les fonctions entires de la forme e^W," Comptes rendus, vol. 114, 
1892, p. 1053-1055. 

* E. Borel, " Demonstration ei^mentaire d'un tb6or^e de M. Picard sur les fonctions en- 
tilres," Comptes rendus, vol. 122, 1896, p. 1045-1048. 

' F. Schottky, " Ueber den Picard'schen Satz und die Borel'schen Ungleichungen," Sitz- 
ungsberichte der Kgl. Preussischen Akademie der Wissenschaften, 1904, p. 1244-1262 (see p. 
1246-1247). 
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Caratheodory* improved this to 

where A is no longer assumed to be positive. This formula is commonly 
called " Caratheo dory's theorem." 

3. (1899.) Regarding the zeros of y the author' gave a result which 
may be stated as follows: When y is holomorphic ior \ x \ < R, and 
\y \ < M, and when Xi, Xi, • ■ -, Xn denote those zeros of y which fall 
inside or on the circumference | x | = r < iJ, we have 

M > i ^(0) ■ ^" 



XlXi- • -Xn I 

Here it is evident that y has no zeros for 

|x|<-^™J-«. 

An improvement on this proposition is due to Carath^odory and Fej^r* 
who, besides giving a new proof, showed that the equality sign will occur 
in the inequality above when y belongs to a certain class of rational 
functions of x. (Incidentally I may state that this note together with 
my own methods for easy reckoning with complex numbers have formed 
an essential reason for the publication of the present paper.) 

A somewhat more general result has been obtained recently by Landau* 
who shows that when 77 is a constant less than M in absolute value, and 
Xi, xt, • • ■, Xn are zeros of the function y — rj inside | a; | = R, and rj 
and T] denote conjugate numbers, then 

\M(yiO) - 77)1 = \xiX2---Xn\ ' 
whence it noay be shown that 



y + v for \x\ < 



M(y{0) - r,) 



R. 



Moreover, Landau gives a direct proof of the last proposition. 

' E. Landau, 1. c.,' p. 277. See also E. Landau, " Beitrage zur analytisohen Zahlentheorie," 
Rendiconti del Circolo Matematico di Palermo, vol. 26, 1908, p. 169-302 (see p. 191-193). 

' J. L. W. V. Jensen, " Sur un nouvel et important thtoreme de la theorie des fonctions," 
Acta Mathematica, vol. 22, 1899, p. 359-364 (see p. 362-363). 

The author also presented this formula in a lecture before the Copenhagen Mathematical 
Society three years earlier. The proof given here was entirely elementary. 

' C. Carath^odory et L. Fej^r, " Remarques sur le th^orfeme de M. Jensen," Comptes rendus, 
vol. 145, 1907, p. 163-165. 

' E. Landau, " Ueber eine Aufgabe aus der Funktionentheorie," The T6hoku Mathematical 
Journal, vol. 5, 1914, p. 97-116 (see p. 107 and p. 105). 
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4. (1906.) In regard to y'{x), the derivative of y, the first result 
is due to Landau (1. c.,^ p. 305-306) who shows that when \y \ < Jf for 



x\ < R, then 



y^^^i = RM 



A corresponding result obtained by F. W. Wiener^" may be written as 
follows: 

\y (.v)\ =n. ^„^ 

5. (1908.) The most comprehensive set of results concerning the 
problems treated here was given however by Lindelof ; " by means 
of the theory of Green's functions and conformal mapping he sets up a 
principle which, as he shows at length, gives the solution of a whole set 
of problems containing those mentioned in 1, 2, and 4 as special cases. 
To these are added new, elegant and important results, such as an exten- 
sion of Schwarz' lemma 

l^l=^ ^igilf+|t(^Jr' "^^^^ \y\<MioT\x\<R, 
an elegant extension of Landau's formula above 

, ,, - I ^R M'-\y\' 

and others, not to mention the determination of a region in the circle 
\x\ < R and in the vicinity of an arbitrary point Xx,, in which region 
J/ + 0. He does not consider, however, the other problems falling under 3, 
3,nd he restricts himself, as do most of the other authors, to assuming 
2/(0) as the known value of y instead of making the easy extension to the 
case when j/o = y(xo) is assumed as the known value, Xo being fixed 
arbitrarily. In the following, I shall have occasion to mention the 
results of Lindelof individually, since they will occur as special cases of 
other and more general theorems. 

6. (1914.) Caratheodory^'' was probably first in giving a formula for 

"> H. Bohr, " A theorem concerning power series," Proceedings of the London Mathematical 
Society, ser. 2, vol. 13, 1913 (see the lemma used in this paper). 

u E. Lindel6f, " M6moire sur certaines in6galit6s dans la thiorie des fonctions monogfenes 
et sur quelques propri^6s nouvelles de ces fonctions dans le voiSinage d'un point singulier essen- 
tiel," Acta Societatis Scientiarum Fennicae, vol. 25, no. 7, p. 1-35. 

"C. Carath6odory, "Elementarer Beweis fur den Fundamentalsatz der konformen Ab- 
bildungen," Mathematische Abhandlungen Hermann Amandus Schwarz zu seinem fOnfzig- 
jahrigen Doktorjubilaum atn 6. August 1914 gewidmet, Berlin, 1914, p. 19-41 (see p. 23). 
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the diflference quotient, viz., 



y -yo 



X — Xo 



R\M'- yoy 



M\R'' - xox 



2MR 



R^ — J Xqx 



Regarding these formulas, we may note that the first inequality gives 
Lindelof's formula above when x -^xo; the second is only a crude approxi- 
mation fully sufficient, however, for the purposes of the paper quoted. 

A close examination of these solutions of special problems reveals a 
lack of unity in treatment which it seems desirable to remove. In the 
present paper, I have therefore worked these theorems into a connected 
whole and generaUzed them considerably, so that my results contain 
all the previous ones as very special cases, as well as a number of new 
propositions, no special cases of which were known previously; I have 
also attempted to do this in the simplest and most elementary manner. 
I hope that it will appear from the following that it will hardly be possible 
to reduce the solutions of these problems to a higher degree of simplicity, 
or base them on a. smaller number of function theoretic propositions, all 
of the latter belonging moreover to that part of the elementary theory 
of functions which is most elegantly treated by means of power series. 

It is almost . superfluous to state that the celebrated theorems of 
Picard, or rather the elementary proofs and generalizations due to Borel, 
Landau and Schottky, are intimately connected with some of our prob- 
lems, particularly those mentioned in 2. This is apparent moreover 
from the titles quoted under ^' *• ' It is however beyond the scope of 
the present paper to consider applications of the theorems presented. 

Before proceeding to those rules for reckoning with ordinary complex 
numbers which form the greater part of the lemmas used in the following 
(and which could surely find their place in a textbook on elementary 
algebra), I wish to make a remark on the problems treated and their 
solutions. In these, the inequalities which together with certain simple 
assumptions form the basis of the solution, are used to derive other 
inequalities, frequently altogether different in form. In certain cases, 
and often in the most important problems, it is possible by an algebraic 
transformation of the final inequahties to return a fortiori to precisely 
the initial conditions. To make this clear in the very simplest case, let 
us consider Schwarz' lemma. From the assumptions, we derive the 
solution \y \ ^ M \x\/R; from this inequality it follows at once that 
y(0) = and that, a fortiori, \y \ < M, which are exactly the assump- 
tions from which we started; moreover, the solution contains an equality 
sign which cannot be dispensed with. When these circumstances occur 
in the solution of a problem, as will be the case continually in the following. 
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we say that the solution is complete. A final remark on inequalities is 
this: When an inequality Ai ^ Bi leads to another A2 ^ B2 hj a finite 
number of algebraic operations, and vice versa, and when moreover an 
inequaUty sign corresponds to an inequality sign, a sign of equality to a 
sign of equality, these two inequalities are said to be equivalent. On 
the contrary, when the first inequahty does not follow from the second 
by operations of the nature indicated above, the second inequality is 
said to follow a fortiori from the first. 

§ 2. Formulas and rules for reckoning with ordinary complex numbers. No- 
tations, definitions, and lemmas. 

In the following, all numbers are ordinary complex numbers unless 
the contrary is expressly stated. As usual, u and u denote conjugate 
numbers, and | u | the absolute value of m; we then have uu = \u |^. 
By dt{u) = ^(u + u) we denote the real part of u, and by 



Siu)=l-.{u-u) = ^{f) 



the coefficient of i in the purely imaginary part of u (read, for brevity, 
"imagiaary part of u"), or 

u = dt(u) +i3(u). 

Occasionally we also use the notation 

sg (w) = 1 — r (read " signum u ") 

\u\ 

when tt 4= 0, while sg(0) = 0. 

With these notations, there follows from \u + v \^ = (u + v)(u + v) 
the identity 

\u + v\^ = \u\^ + 2dt(uv) + \v\^* 

which is of importance in the following. This identity leads to another 

\ pu + av \^ - \au + ^v l'^ = ( I /3 p - I a \^){ \u\^ - \v |2)t 



* For easy reckoning with complex numbers the following identities are also useful 

\u + v\' -\u -v\' = A'aiiuv) or \u\^ -\v\^ = SR((u + v)(u - 5)), 

\u + v\^ -\u-v\^ = 4SR(w)SR(t)) = \u+v\^ -\u-v\', 

\u+v\^-\u+v\' = 43(«)3(t>); 

however, these identities will not be needed in the present paper. 
t Other identities are 

\ Pu + oa; \' - \fiu + ca> [^ = 43(<;^)3(wti). 
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simply by observing that the terms in 9? from the two squares to the left 
are identical. From the last identity, we shall now derive all the alge- 
braic lemmas we need. It should be noted that since the right side of 
the identity contains only the absolute values of the four variables, we 
may change the arguments of a, /3, u, v in any manner in the expression 
to the left without changing its value. 

Lemma 1. When the complex number a. is such that \ a\ < 1, the fol- 
lowing inequalities, in which-inequality and equality signs read from top 
to bottom correspond to each other, 

\u\0\ v\ and \u + av\0\au + v\ 

are equivalent. 

When \ a\ > 1, the same statement is true provided that one of the in- 
equalities is reversed, i.e., the signs from top to bottom are read in the reversed 
order. 

When finally \ a\ = \, we always have \u + av\ = \a.u -\- v\. 

The proof is read off at once from oult identity by making /3 = 1 
and comparing the signs of both sides. 

Note. This lemma, which we shaU also call the a method, is very 
useful for transforming inequaUties between the absolute values of com- 
plex expressions. Throughout the following, we shall use the fact that 
it is frequently possible to determine a in such a manner that certain 
troublesome terms are eUminated from one side of an inequaUty, so that 
they wiU ocexir on the other side only. 

Lemma 2. Assuming R to be real and positive,* our identity may be 
written thus: 

I R' - uou |2 -\Riu - Mo) 1^ = (R'-\ Wo \')iR' - I « P) 

= (R' -\ UoU \y - R'(l u\-\uo\y 

= (R' + \ uou \y - R'(\ u\ + \uo \y. 

Lemma 3. From the preceding lemma, the following three cases are 
obtained by comparing signs in the upper line and dividing by \ R'' — uqU \^: 
(a) For I tto I < R, the inequalities 



u\ = R and 



R{u — Wo) 



i?^ — UoU 



are equivalent; for the lower inequality signs it is necessary however that 
R^ 4= U(,u. 

(b) For I Mo I > R, the same statement is true provided that the signs in 

* As everywhere in the following. 
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the second inequality are reversed; for the upper inequality signs it is neces- 
sary however that R" + uoU. 

(c) For I ■Mo I = R, we always have 

R(u — Up) 
R'^ — uoU 



= 1; 



for \u\ = R it is necessary however that w + Uo (or what is the same in 
this case, R'^ =t= uqu). 

Lemma 4. When R^ =1= uqU and k is a real, non-negative number satis- 
fying the inequality k\uo\ < R, the inequalities 



R(u — Up) 
R^ — UfjU 



^k 



and 



u — 



R\l - A;2) 



,M0 



hR 



R"" -\uo \' 



R^ -k-'\ uo p 



i2« - A;2 1 uo |2 

are equivalent. 

When k\uo\ > R, this statement remains true when reversing the signs 
in the second inequality. 

Proof: The first inequality is equivalent to 

I R{u -Uo)\$\ kiR'' - uou) I 

and hence, by the a method, also to 

I R(u - Uo) + akiR'^ - uqu) \ % \ '5R{u - ««) + k^R"^ - uou) | 

for I a I < 1, while the signs are to be reversed for | a | > 1. Making 
a = A; I ■Mo i/-B, ■" is eliminated from the right side, and the lemma follows 
upon division hy \ R^ — k^\uo\^\ - R~^, which is #= by our assumptions. 

Note. For k '= 1, lemma 3 (a) and (b) follows from this. 

Lemma 5. When \uo\ < R and \u\ < R, then 



R 



u 



Uo 



R^ — I UoU I 



R{u — Mo) 



__ R{\u\ + \uo\) 
- R^^-\uou\ 



R^ — UoU 

The equality sign to the left will hold when and only when either one (or both) 
of the numbers Uo and u is zero, or sg(«) = sg(t<o), and the equality sign to the 
right, when and only when either one {or both) of the numbers Uo and u is zero 
or sg(«) = - sg(Mo). 

Proof. By lemma 2, either side in the identities 

I i?" - UoU |2 -\R{u- Uo) l" = {R^-l UoU 1)2 - 722(1 u\-\uo |)S 

I R^ - UoU p -\R{u- Uo) P = (R'+l UoU 1)2 - R%\ « | + | «o I)' 

is positive. Dividing the upper and lower identity member by member 
by the inequalities 

I R^ - UoU p ^ (2^2 _ I ^^u 1)2 and | fi2 - uoU p S {R^ + \ UoU 1)2 
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respectively, inequalities are obtained which are equivalent to those to be 
proved. The statement regarding the equality signs follows from the fact 
that the equality signs in the inequalities used in the proof hold when and 
only when sg(u(,u) = 1 or and sg(uou) = — 1 or respectively. 

After these quite elementary algebraic lemmas* we now proceed to a 
function theoretic one; but first we shall introduce some definitions and 
notations which wiH be used everywhere in the following. 

By X and x* we denote complex variables satisfying the conditions 
\ X \ < R, \ X* \ < R, unless the contrary is explicitly stated. Moreover, 
we denote by Xo a particular value of x which may be chosen arbitrarily 
subject to the condition stated, viz. \xo\< R. By Xi, x^, • • •, a;„ we denote 
other values which mil be defined in each individtml case. 

With every x, .(p = 0, 1, 2, • • •) we associate a real and non-negative «„ 
determined by 

R(x — a;„) I 



Kp — KyxJX^J ^~ 



R^ — XyX 



It follows at once from lemma 3 (a) that kq < 1 always, and that for other 
subscripts k„ J 1 according as \ Xy\=R; for the lower inequality sign it is 
necessary that R^ 4= XyX. For brevity, we denote by k = k(x), a product 
of k's with different subscripts, for instance k = kqki •••/£„. When all of 
I Xi I, I X2 1, • • •, I x„ I are < R, this k will satisfy the inequaUty S k < 1. 
When using the other variable x*, we introduce the similar notations 
Ky* = k(x^*) for ^ = 0, 1, 2, • • • and k* = k(x*) ; the constants xo, Xi, 
X2, • • • we do not change unless expressly stated. A particularly simple 
case occurs when k reduces to kq, which equals [x \[R under the special 
assumption Xo = 0. Lemma 3 (a) leads to an important result. When all 
I x^ I < R, the corresponding k^ = 1 f or | x | = 22, and consequently k ->1 
as I X I -* S. 

^y y — y{x) we always denote an analytic function of qi which is holo- 
morphic for | x | < 2B; for | x | = i2 we make no assumptions. Evidently 
y{x) may be expressed as a power series with a radius of convergence S R. 
By y* we denote y{x*), and for brevity, we always write y^ = y{x^ except 
for Xo = 0, when the imabridged notation y(0) is used to avoid ambiguity. 

Apart from the algebraic lemmas already set down, we use in this 
paper only a few propositions from the most elementary part of the theory 
of functions, which are proved most simply, elegantly and advantageously 
(i.e., with the smallest amount of presupposed theory) by means of power 
series. Such propositions are: the quotient of two holomorphie functions 

* The reader will undoubtedly have noticed that lemmas 2-5 are homogeneous in form, so 
that it would have been sufficient to state them f or B = 1. But this would bring no advantage 
whatever in the following, and the homogeneous form was chosen purposely. 
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is also a holomorphic function when the denominator vanishes nowhere 
for I X I < jR ; the maximum of the absolute value of a function holomorphic 
for I a; I s r- will occur only for an x-value (or values) such that | a; | = r, 
unless the function is a constant, and so forth; and finally 

Lemma 6, generalization of Schwarz' lemma. When the function y 
is holomorphic for \x\ < R and satisfies the inequality \y\< M for \x\ < R, 
M being real and positive* and when y has zeros at Xi, Xi, • • •, Xn\ in the 
region considered, then 

\y \ = Mk, where k = kiK2 • • • Kb- 

This solution is complete (since this inequality leads a fortiori to | ?/ | < M, 
and gives y = ior k = or x == Xi, X2, • • -, x„). 

Proof. It follows from our assumptions that the function 



y 



and therefore also 



(x — Xi)(x — X2) • • • (x — x„) 



^ (R^ - XiX){R^ - XgX) •■■(R^ - XnX) 

~ ^ R{x — Xi) •R{x — X2) • • •i?(x — x„) 
are holomorphic f or | x | <R, and we have 

' ' K K 

It has already been noted that k -* 1 as \x\-^R, and consequently we 
may choose an | x | = r < B so close to R that r- > 1 x^ | for »< = 1, 2, • • • , n 
and that k > 1/(1 + e), where e is any assigned positive number; we then 
have I « I < M{1 + e) on the circumference \x\ = r. By a theorem in the 
elementary theory of fimctions quoted above, the last inequality then also 
holds for all I X I ^r, and since e is arbitrary, it is seen that f or | x | Sr < R 
we have | « | S M or \y \ S Mk, which completes the proof. 

Note. J The equaUty sign will obviously occur when x = Xi or X2- • • 
or x„, both sides being then equal to zero. Suppose however that | y | = Mk 
for one value x = Xo distinct from Xi, X2, • • • , x„ and such that | Xo ] < R. 
Then \ u \ = \ y \l k = M iov x = Xo; on the other hand, we have proved 
that \u\ g Af for | x | < R. Since | xo | < j(R + \xo\) < R, u is holo- 
morphic inside and on the circumference | x | = K-R + I ^0 1), and | u | 
takes its maximum value M at the point x© inside this circumference; 

* As everywhere in the following. 

t No Xv may occur more times than indicated by the multiplicity of the corresponding zero 
of y. This condition is always imderstood in the following without being expressly stated in 
each case. 

t In the translation, this note has been changed so as to include the proof that the special 
rational fimction given below is the only one for which | v I = M"- 
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by the function theoretic theorem quoted before, u is therefore a constant, 
and since | u{xo) | = M, we have u = yM, where 7 is a constant such 
that I 7 I = 1. Returning to the function y, it follows that 

Conversely, it is seen at once that this y is holomorphic for \x\ < R, and 
that for every x where | x | < 22, we have i 2/ 1 = Mk (and hence \y \ < M). 
Since k ->1 as \ x\ -» S, we also have \y \ -^ M. 

Before proceeding to apply the lemmas proved in this paragraph, we 
shall consider the last of them for a moment, writing it out at length: 

When y(x) is holomorphic and \y \ < ilf for | a; | < R, and when Xi, Xi, 
• • •, Xn are some of the zeros of the function in the region considered, then 

(i?2 _ XiX){R^ - XiX) ■■■(R^ - XnX) 



M S 



y(x) 



R{x — Xi) -Rix — Xi)- • -Rix — x„) 

When moreover y is holomorphic in a larger region | x | < R'{R' > R), 
the lemmas 3 (c), 3 (6) and 3 (a) allow us to include a fortiori among the x, 
occurring to the right any number of other x, situated quite arbitrarily in 
the extended region outside the original one, the corresponding factors 
1/Ky being S 1 for | x | < iB (and since | x | < 22, it is unnecessary to add 
the restriction x =t= x^ for these new x J . Of course we are at liberty to let 
these Xy coincide with any existing zeros of y(x) in the new region. 

This extension of lemma 6 includes, for x = 0, my theorem quoted 
above in § 1 no* 3, as well as the results of Caratheodory and Fej^r in the 
paper quoted in *. 

Lemma 6 may also be extended in another direction. It is no essentially 
new problem to consider zeros oi y — rj instead of zeros of y, -q being an 
arbitrary constant subject however to the condition | t? | < M. All that 
is necessary is to replace y by the function 

M{y - n) 
M"^ - ny ' 

In fact, this fimction is holomorphic, our assumptions showing that the 
absolute value of the denominator is greater than zero, and by lemma 3 (a), 
the absolute value of the function is less than unity. We may therefore 
apply lemma 6, and thus find the following extension of the latter: 

When y is a holomorphic function of x for \x\ < R, and \y\<M for 
I X I < R, and Xi, Xa, • • • , x„ are some of the zeros {interior to this region) of 
the function y — tj, where j? is a constant such thai | 77 | < M* then 

M\y - 7,\ ^\M^ -liy\K, 
where k = kik^ •••«„. 

* When I ij 1 ^ Af, the region considered contains no zeros oi y — ri. 
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For 77 = 0, we again have lemma 6. What is said above about extending 
the latter will of course apply, mutatis mutandis, here also. 

From K = we conclude that y{Xy) = iq ior v = 1, 2, • • •, n, and from 
the theorem it follows a fortiori that M \y -: -nl < \ M^ — ^y | or 1 1/ | < M 
(by lemma 3 (a)). Hence the theorem is complete. 

For X = we obtaia the result of Landau ^ p. 107; see above, p. 3. 

§ 3. General theorems concerning functions bounded with respect to their 

absolute value. 

In addition to the notations and definitions introduced in § 2 (p. 9) 
we shall assume throughout this paragraph that \ y \ < M for \ x \ < R, 
unless otherwise stated. 

Theoeem 1. When Xq is fixed arbitrarily* within the region, and Xa, Xi, 
• • •, Xn denote some of the zeros of y — yo in the region (in particular, none of 
them except Xo), then we have the following three equivalent inequalities 

I. M\y -yo\^\M^-yoy\K; 

{M^-\yo\'){M^-\y\-') k^ 



11. \y- 2/0 P s 



III. 

where 



y - yoM^ - 1 2/0 \'k' 



M^ 1 - k" 



The theorem is complete, i.e., all the assumptions follow again from either one 
of the inequalities I, II or III, provided that there exists an Xo for which \ yo | 
<M. 

Proof. On account of the assumptions, the function y — yo has zeros 
for X = Xo, Xi, • • • , Xn, and I is therefore an immediate consequence of 
lemma 6 in the extended form given ^t the end of § 2. Supposing con- 
versely that inequaUty I is true, then y = yoiov k = 0, and from I it follows 
a fortiori that M \ y — yo \ < \ M^ — yoy \ . When there exists an Xo 
for which \yo\ < M, then we also have \y\<Mhy lemma 3 (a), and 
consequently I is complete. 

Squaring both sides of I and using the identity in lemma 2, it follows 
that equivalently 

M'\y-yo\'^\M'- y^y \'k^ 

= [M'\y-yo\'+ (M' - | yo \'){M' - \ y P)]«S 

and this is equivalent to II. 

* In the applications it is of course most advantageous to choose Xo so that yo = 3/(xo) has a 
convenient value. 
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Applying lemma 4 to I (writing y for u, yo for Uo, M for R and k for k) 
we find, since \y^\ k < \yo\ < M, that I and III are equivalent. Thus 
theorem 1 is proved in its entirety. 

Note 1. I and II are also true under the assumptions \y\ > M, 
1 2/0 1 > M, as is seen at once upon replacing y by 1/y and yo by l/yo] this 
also follows from lemma 3 (b). 

Note 2.* The equality sign always holds in I, II and III for the 
particular values a; = Xo or Xi • • • or a;„. If it holds for an x distinct froin 
these, it follows from the note to lemma 6 that y is of the form 

y = M 



M + yyoR^+'Jl 



X — Xy 



V=-f)-tC XyX 

where \yo\ < M and | 7 | = 1, and conversely, the equality sign holds in 
I, II and III for all x such that \x \ < R when y is of the form indicated. 

Note 3. For yo = 0, I, II and III reduce to lemma 6. 

Theorem 2. Under the same assumptions as in theorem I we have 

(«) ^y-y^^M-iyoiK^' 

(b) \y -Vol S(M + \yo\ k)k; 



(c) 1 2/ - 2/0 1 S Vikf^' - I yo 



2 . 



^l^^ 



L-2 



Proof, (a) follows from theorem 1, I upon replacing 

\M'-yoy\ = \M'-\yo\'- yoiv - Vo) \ 

a fortiori by ikf^ — | t/o 1^ + 1 2/o | 1 2/ ~ 2/o i • (b) follows a fortiori from (a), 
and (c) a fortiori from theorem 1, II. 

Note 1. When an Xo exists for which 2/0 = 0, (a) and (6) are evidently 
complete. 

Note 2. When 

_ _R\x — Xo\ 
" - ""- ~R^-xoX ' 

it is easy to derive from (a), (b) or (c) upper bounds for the absolute value 
of the difference quotient (y — yo)/(.x — Xo}. For x -^Xo, the first of 
these gives Lindelofs formula (upon replacing Xo by x) 



Ay 
dx 



. R{M'- 1 2/1^) . 



* This note has been changed to correspond to the changes in the note to lemma 6. 
t See above, p. 4. 
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We shall return to this m the foUowmg in more general (and better) forms. 
Theokem 3. Under the same assumptions as in theorem 1 we have, 
■q being a constant, 






„ M^ - I Wo p , 









The peoof of the two inequalities follows from theorem 1, III upon 
replacing the left side by 



and 



V - yo 



y - V 






- \y - n 






respectively. 

Note 1. For k = 0, both inequalities reduce to the identity 

I y{x^) - n] = \ya- n\ ■ 

Note 2. For ?? = yo, the inequality to the right reduces to theorem 
2, (a). 

Corollary 1. When t? = 0, theorem 3 takes the following form (after 
a simple reduction to the right and left) 



M 



M 



yo\ K 



y\sM 



\yo\ + Mk 
M + \yo\ K 



(Before going further, we shall prove this corollary in a different manner 
by the inequality to the left in lemma 5. From our assumptions, it follows 
that 

M(y - yo) 



or a fortiori 

M(\yo\-\y I ) 
M^-\yo\\y 



M^ - yoy 



= K 



and 



Mi\y\-\yo I 
M'-\yo\\y 



and from these, the inequalities to be proved follow equivalently by solving 
in respect to \y \.) 

Moreover, it may be noted that when there exists an Xo such that 
2/0 = 0, the inequality to the right reduces (for this value of Xo) to lemma 6, 
the generalized lemma of Schwarz, and is then complete. Besides, we 
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always have 

j K V M + \yo\ K ) 



when 

! 2/0 I < ilf . 

A noteworthy special case is,/c = ko,* or 

I 
2/0 1 I i?^ - xox I + Afi2 \x-x^\ 



\y,\\W-m\-MR\x-x,\ ^ 



ikf 



M I ie^ - xoa; I + 22 I y^ix - Xo) | ' 

which reduces, for a^o = (and 2/0 = 2/(0)), to two of Lindelof's formulas 
(I.e. "), formula (4) p. 12,t and formula (1), p. 11, compare above, p. 4). 
From corollary 1 we deduce 

COROLLABY 2. 

M^^i-}y^l,ii - .Y^M^ -i2/pgM- #;~'^"ir. (i + ky. 

Proof. Corollary 1 may be written 

M_+Uoi ^ ilf+|2/o| .^ . 

and 

ilf + 1 2/0 1 K -'w — 1 2/0 1 K 

whence corollary 2 follows upon multiplication member by member. In 
the following, we shall have occasion to use the inequality to the right in 
this corollary; but it should be stated explicitly that this cannot be used 
to advantage unless k has such a value that the right-hand member is 
< M^; otherwise the inequality is trivial, and it is better simply to use M^. 
Since we may replace the right-hand member a fortiori by 

^ M^{l-M^ + '^' = (ilf^- |2/oP)f^, 
it is seen that the formula is advantageous when 

^ I2/0I' 
or at any rate for 



/ 1 U/o r 
K < 5 



ili"2 



* Where consequently no assumption is made regarding the existence of the zeros Xi, Xi, 
t From which however a superfluous restriction is removed. 
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Corollary 3. When < M' < \y\ < M, then 



M' 



2/0 I + M'k 



M' 



?il^=i^i=^ifT 



Vol +Mk 



2/0 I K 



Proof. The inequahty to the right has already been proved in corollary 
1, and the one to the left follows by applying the inequality to the right to 
the function 1/y and replacing 2/0 and M by I/2/0 and 1/ikf'. 

Theorem 4. Under the same assumptions as in theorem 1, and making 
1? ( + 2/0) a constant less than M in absolute value,* then, 

I M(yo - v) 



2/ + 77 for 



KqKi- ••/£„< 



•t 



M' - Wo 
Proof. 2/ + *? when the first member in theorem 3 is positive, or when 



M'{1 - O 



M'-\y, p 



" ~ ^"ilf^ - 1 2/0 |V r ^M' - 1 2/0 \V "• 

By lemma 4 (writing k for k, M for R, r) for u and 2/0 for Uo; it follows from 
our assumptions that ilf ^ + yov and k 1 2/0 1 < M) this inequality is equiva- 
lent to 



I M{n - 2/0) 



Mjyo - v) 



>", 



which proves the theorem. 

Another proof is obtained by applying the left side of corollary 1, 
theorem 3, to the function 

M{y -_r,) 
M^ - try ' 

which is less than unity in absolute value (as shown at the end of § 2), 
and which moreover takes the value 

M{yo-j) 
M^ - i?2/o 

for X = x^ (v = 0, 1, 2, • • •, n), whence 
M{y - v) 



M^ — try 



M(yo - rj) 




M^ - VVo 




1 - 


M{yo - n) 




M^ -7 


Wo 





* For \ v\=M,-we have y + i; in the entire region \x\ < R. 
t By lemma 2, this condition may also be written 



k' < 



M^\y,~v\' + iM'-\n p)(M» - 1 y, |») ' 
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Note. It is apparent at once that the more factors it is possible to 
put into K on the left in the inequality in theorem 4, the larger will be the 
region it determines for x. The significance of the theorem is thus greatest 
when we know as many of the zeros of y — j/o as possible; but we may 
always make k = ko and obtain 

Corollary 1. 



2/ 4= '7 



for 



Ko 



I R(x — Xq) 
R^ — xox 



< 



M(yo - v) 



We note the particular case a;o = (and t/o = y{0)), which gives the result 
due to Landau (l.c.', p. 105) quoted p. 3 above. 

Another noteworthy special case is r; = 0, which gives 



y =t= for 



R(x — Xo) 



R^ — f oX 



< 



M 



Hence we obtain a fortiori, replacing 

i ^2 _ ^^ I = I ij2 _ I a;o |2 - fo(a; - Xo) | 

by i2^ — I Xo p — \ Xo\ \ X — Xo\ , the result of Lindelof (I.e.", formula (5), 
p. 12): 

^2 _ J. |2 

y + for I a; - Xo I < p^^ _l i ^..,. i I Vo ' 



RM + I xoyo I 



Corollary 2. The preceding corollary may be transformed equiva- 
lently into 



y ^ V 



for 



JB^d M' - Wo \'-M^-\yo-v 1^) 
^ ^"iJ^iW-^- Wop-M2|xo(t/o-7?)p 



< 



and in particular 

2/ 4= for 



RMjR' - Ixo p) \M'-Wo\\yo- r, 



Xo 



RKM' - ! yo \') 
Rm^ - I xoyo P 



< 



RM(R^ - \ Xo p) I yo 
R'M' - I Xo2/o P 



The last region is larger in every direction than the one due to Lindelof 
which we have just quoted. 

The proof follows by using lemma 4 for the transformation of corollary 
1 (writing j [M(yo — 7;)]/[Ji"^ — rjyo] \ for k, x for u, and Xq for Uo] we then 
have 

M(yo - v) 



Xo 



M^ - Wo 



< I Xo I < i2). 
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Using the identity in lemma 2, we also have 
, + .for X-.0 RKM^-U\^)iM^-\yo Y)_ 



R\M' - U |2) {M' -\y,\2)^M'\yo-v \HR' - I xo \') 
RM(R^ -\xo\^)\M'-vyo\\yo-r,\ 
^ R\M' - I ,, |2)(ilf2 -\y,\-^)+M'\yo-n \KR' - I Xo p) 

Theorem 5, concerning the derivative or y. Under the same assump- 
tions as in theorem 1, we have 



\dy 
\dx 



. R(M^-\y\') ^ RM M^- \yo\^ 

' MiR^ - \x\^)^R' -\x\'M^- \yo |V ^^ "^ "> 



Proof. As we have noted before, the first inequality, Lindelof's 
foranula, is an immediate consequence of theorem 1, I or II, maktag k = kq 
and Xo -* x. The second inequality follows from theorem 3, corollary 2, 
inequality to the right. 

Note 1. The inequality obtained a fortiori by leaving out the middle 
member may be said to be more extensive in a certain sense than Lindelof's 
formula, since the latter results from the former for Xo — x. Moreover, 
the third member contains not y but yo, which may be regarded as known. 

Note 2.t To find when the equality sign holds in this theorem, 
let us assume that for x = Xf, and 2/ = t/o (| xo | < i2, | yo | < Af) we have 



The function 



1^1 _ RJM' - I j/o I'') 
|dx|o M{R^-\xoY)' 

_ M{y - yo) R^ - xoX 



M' - yoy R(x - Xo) 

is holomorphic for 1 a; | < B, and making k = ko in theorem 1, I, we find 

\ u \ S 1 ior \ X \ < R. Moreover, 

uM - mn „ - ^z^;- 1 -'g lim «-^' = §f^m, m . 

^^^, R(M^ - I yo |2) ^^,x - Xo R{M^ - \yof)\dx)o' 

and using the value of | dyjdx |o, it is seen that [ u{xo) \ = 1. Since 
I a;o I < ^{R + \xo\) < R,u\?, holomorphic inside and on the circumference 

* Iiistead of the first inequality we may write a fortiori 

\dy\^ RM 
I di I = iJ2 - I a; !» ■ 

When it iis also known that \y\> M' > Oiu the region considered, we have the stronger inequality 

\dy\ R(M^-M'^) 
\dx\^ M{R' - I X |2) • 

t This note has been changed in the translation to correspond to the changes in the note 
to lemma 6. 
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|\c I = i(R + \xo\), and [ u \ takes its maximiun value unity at the point 
Xo inside this circumference; by the function theoretic theorem quoted 
immediately before lemma 6, u is therefore a constant = y, where | y j = 1. 
Substituting u = y ia the equation defining u and solving for y, we obtain 

_ , t/o(ig^ - xgx) + yMR{x - Xq) 
y M(R^ - xox) + yyoRix - Xo) ' 

Retracing the steps of the proof, it is seen conversely that for any y of 
this form, where \xo\ < R, \yo\ < M, | 7 | = 1, the equaUty sign holds 
to the left in our theorem when x = xo. 

Note 3. We have observed before (see above, p. 4) that Liadelof's 
formula contains for a; = an earUer formula due to Landau which, writing 
y as a power series in x 

y(x) = Co + CiX + CiX^ + ■•■ 

with radius of convergence ^ R, may be expressed thus : 

RM\ci\^M^-\co p.* 

It is easy to give a more general form to this result. Let p and q be 
integers, q > p ^0 and let be a primitive gth root of unity; then 



It. 



„ -^ e^^'yixB") = x^icp + Cp+^x' + Cp+25x2« + • • •) 

where the expression to the left is less than M in absolute value, and the 
series in parentheses to the right, considered as a power series in a;«, con- 
verges at least for | a;« j < R'. Considering all values of x for which 
I a: I = r < R, the series in parentheses will be < M/r" in absolute value 
for all these x, and therefore also for all | a: | < r. But r may be taken as 
close to R as we please, and the absolute value of the series will therefore 
be ^ MjRp. Hence, by Landau's theorem 



or 



"'^ JlV I ''P+* I = _g2P I ^3> I ) 



J?p+«lf I Cp+5 1 ^W -R'^^\ c, 



V 



* That Landau Q. c.^) proves this fonnula tor B = 1, M = 1, implies no restriction. Inci- 
dentally, Lindelof 's more general formula may be derived from Landau's by a linear substitution. 
Writing 

»«-/(§^). 

then, by lemma 3a, | f{x) | < Af for | a; | < B, and f(x) is seen to be holomorphic in this region. 
The formula BM \ y'{0) [ ^ IP - | ^(0) |2 becomes 

^ |/'(xo) \{IP-\x<, f) ^M'- I /(So) p, 

which gives Lindelof's formula upon replacing f(x) by y(,x) and xo by x. 
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which is the relation we desired to prove.* In the particular case p = 0, 
we obtain the generahzation of Landau's theorem due to Wiener and quoted 
on p. 4. 

Theorem 6, concerning the difference quotient of y. Under the 
same assumptions as in theorem 1, we have for x #= a;* 



y -y^ 

X — X* 



.R^M'- 



M\R^ - 



y 



X 



'){M^ - I y* P) 



'){R-'- |a;*p) 



t 



where x* is a new independent variable, and y* = y{x*). When, conversely, 
this inequality is satisfied, and there exists a certain value of x for which 
\y\ < M, then \y\ < M for all x. 
Proof. In theorem 1, II, we make 



_ _ R\x — Xo\ 



replace Xt, by x* and obtaia 

y-y* ' ^ R'(M'- \ y \'KM' - \ y* \') 
x-x* = M\\ R" - x*x\' -R^\x- X* \^) ' 

applying the identity in lemma 2, this becomes the desired inequahty. 
When there exists a certain value of x* for which \y* \ < M, we find 
conversely by theorem 1 that the inequality of theorem 6 is equivalent to 



whence a fortiori 



Miy 


-y*) 
-y*y 


< 


R(x - X*) 
R^ - x*x 




M{y- 


-y* 
y*\ 




<1, 



and this is equivalent to \y \ < M hy lemma 3 (o). Thus the proof of 
theorem 6 is complete. 

Note 1. By note 1 to theorem 1 it is readily seen that when there 
exists a certain value of x* for which \y* \ > M, then the inequality in 
theorem 6 will also imply that \y \ > JIf f or all values of a; in the refgion 
considered. 

* It is easy to generalize this restilt considerably. But this would fall beyond the scope of 
the present paper, and must be reserved for another occasion. 
t Hence a fortiori the simple formula 

RM 



\x ~ X* 



^l(,B'-\x\'')(B'-\x*\') 



When it is also known that | y | > Af ' > in the region considered, we have the more accurate 
formula 

\x~x*\ M<(.IP-\x\')(IP-\x*\')' 



THEORY OF ANALYTIC FUNCTIONS. 21 

Note 2. When it is desirable to avoid y or y* to the right in the 
inequality in theorem 6, we may eliminate either or both of these func- 
tions as before, so that there occurs instead a y^ which may be preferable-. 
To this purpose, we replace a fortiori 

M--\y\^ by M^^-^^, (1 + kY, 

(theorem 3, corollary 2), and 



where 



M--\y* \- by M- ^'_ ^ [j°,[',2 d + 'c*)^ 



K* = k(x*). 

Evidently this may be varied in many ways, for instance by replacing k 
by Ko and k* by the k* obtained by changing Xo into Xo*, which necessitates 
replacing 2/0 by y{xo*) in the second of the expressions above. The formula 

thus obtained — ^without assumptions regarding Xi, x^, ^is very general. 

For Xo = X and Xo* = x* this of course reduces to theorem 6. 

The above will undoubtedly be sufficient to show how we may proceed 
in other cases when an upper or lower bound of 1 2/ 1 is given. 

A last general remark may be appropriate. Let us assimie that under 
the assumptions in theorem 1 (viz., \ y \ < M ior \ x \ < R, | Xo | < 22 
and Xi, Xi, • • • , x„ some of the zeros oiy — y^'m. the given region) we have 
found an expression (non-analytic) in y, y^, M, x, Xo, Xi, • • • , x„, R satis- 
fying the condition 

ff) ^(^.f) = »- 

Since, for -q constant and \-q\<M,\y\<Mis equivalent to 

M{y - r,) 



if 2 - rty 



<1, 



and M{y - v)KM^ — w) takes the value M{yo - v)KM^ - rjt/o) for x = Xo, 
xi, • • • , x„, the more general formula 

^ \ M^ - rjy ' M^ - vyo J 

follows from (I), which in turn results from (II) by making rj = 0. Again, 
making ri = 2/0, we find the simplified formula 

\ M^ - yoy ' ) 

This may be varied in many ways. As we have already done in particular 
cases, t\ may be taken as a function of another independent variable x,* 
particularly when Xi, X2, • • • , x„ are disregarded. 
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Although the theorems in the next paragraph concemmg a bounded 
3?(2/) become in fact more or less direct corollaries to the developments of 
the present paragraph, when using the formulas for the connection between 
absolute value, real part, etc., given at the beginning of § 2, the details are 
of sufficient interest to justify us in dealing at some length with theorems 
of this kind. 

§ 4. General theorems concerning functions bounded with respect to their 

real part. 

In addition to the notations and definitions introduced in § 2, we shall 
assume throughout this paragraph that, unless otherwise stated, ?lt(y) < A 
for I a; I < iE, where A denotes a real number. 

Theorem 1. When xo is fixed arbitrarily within the region \ x\ < R, 
and Xo, Xi, • • • , a;„ denote some of the zeros of the function y — Vo in this region 
(in particular, none of them except Xq), then we have the following three equiva- 
lent inequalities : 

I. \y-yo\s\y-yo-2(A- ^yo) \ k; 

II. \y- 2/0 P S 4(A - 9tyo) {A - ^y) ^^^ f 



III. 



- 2/0 + 2{A - dtyo) 



1 - K^ 



S2(A-^yo)Y^„ 



where k = kqki •••««. 

The theorem is complete, i.e., all the assumptions follow again from either 
one of the inequalities I, II or III, provided that there exists an Xo for which 
dtiyo) < A. 

Proof. We write for brevity (as in all the following proofs) 

a = A- dt(y), ao = A- ^(yo). 

Then a > 0, Oo > and dt(y — yo) = ao — a < a©, which is equivalent to 
4xio^(y — yo) < 4ao^ and to 

\y -Vol' <\y -yol^- 4oo$R(y - yo) + 4ao^ =\y-yo-2ao\^ 

by the first identity in § 2. Consequently, since ^(y — yo — 2ao) < — Oo 
<0, 

y -yo 



y — yo — 2ao 
is a function of x holomorphic in the given region; moreover it is < 1 in 



•Or 

.^> \v-yo\' 



\y-y<,\' + MA - ^yo)(A - diy) ' 
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absolute value and has the zeros Xo and Xi, Xi, • • ■, Xn, if the latter are 
assumed to exist. Lemma 6 therefore gives 



y-JJo 



- Wo - 2ao 



S K, K = KoKf 



which is equivalent to I. Conversely, when we assume that inequality I 
is true and that there exists an Xq for which dt{yo) < A, we have y = yo 
for K = 0, and also, a fortiori, \y — yo\ < \y — yo — 2ao | which we have 
just shown to be equivalent to dt(y — yo) < at, or dt(y) < A ; the in- 
equahty I is therefore complete. 

Squaring I, we have the equivalent inequality 

\y -yo\^S{\y -yo\^- 4aodi(y - yo) + 400^)^2 = \y -y, p^^ + iaoaK^ 

which is equivalent to II. 

Ill may also be proved by squaring, but we prefer the a method. For 
I a I < 1, inequality I is equivalent to 

\ y - yo + a(y - yo - 2oo)/c \ ^\aiy - yo) + (y - yo - 2ao)/c | 

which, for a = a = — k (which satisfies the condition | a | < 1), is equiva- 
lent to 

I (y - 2/0) (1 - k') + 2aoK' | S 2ook, 

which again is equivalent to III. Thus theorem I is completely proved. 

Note 1. When we replace y hy — y and A by — A in theorem 1, it 
is seen that I and II remain unchanged; these two inequalities are there- 
fore also true under the assimiption di(y) > A for | a; | < R. 

Note 2.* The equahty sign in I, II and III always holds for k = or 
a; = Xo, iCi, • • • , Xn. If it holds for an x distinct from these, it follows from 
the note to lemma 6 that 

y — yo ^ fr Rix - x^) 
y - yo- 2ao '^ hh R^ — x^ 



where 7 is a constant such that | 7 | = 1, or 



X — Xy 



y = yo-2{A- %o) '^'^^ ^'^ 



l_^ijn+inr^ ^■' 



and conversely, the equality sign in I, II and III holds for all x such that 
I a; I < E when y is of the form indicated. 

* This note has been changed to correspond to the changes m the note to lemma 6. 
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Theorem 2. Under the same assumptions as in theorem 1, we have 

Proof from theorem 1, I upon replacing the right-hand member a 
fortiori hj \y — yo\ k + 2aoK.* 

Note 1. From the inequality in this theorem we may again derive 
some of the assumptions, viz., y = yo ior x = Xi, Xi, • • -, Xn- 

Note 2. For k = ko we have 

ii'-i"i = ^(^-^'") |ip-fJf-'"g|L-x.r 

and making Xo = in this inequality, we obtain a theorem due to Lindelof 
(l.c.",p. 15) 

I y - 2/(0) I S 2(A - %(0)) -^-tr/^. 

whence Carath^odory's theorem (see above, p. 3) follows a fortiori.f 
Assuming x #= Xo, dividing the first formula above by \x — Xa\ and 
letting Xo -» X, we find another theorem due to Lindelof (I.e.) 



dy 
dx 



2R 



A - my) 

m -\x\^- 



to which we shall return later. 

Theorem 3. Under the same assumptions as in theorem 1, and rj being a 
constant, we have 



- 771 S 



- '71 S 



v-yo + 2(A- dtyo) 



v-yo + 2(A- dtyo) 



1 - K^ 



1 - k' 



- 2(A - ^yo) 



+ 2(A - ^yo) 



1 - K^' 



1 - K^ 



The proof follows a fortiori from theorem 1, III upon replacing the 
left member of the inequaUty by 



V — yo + 2ao . _ o 

J. K 



- \y - n 



* In a particular ease, viz., when x is known to have such a value that SR(2/) = 3f (yo), the- 
orem 1, II gives the stronger inequality 

\y-y<>\-^2{A-^y,)- 



t From theorem 2, it follows a fortiori that in the general case 



1 8, 1 < I j/o 1 + 2(4 - SRvo) ■■ 



\- K 

a direct generalization of Carath^odory's theorem. 



<|32/o|+2A 



1 - (C 



+ \'3iy<, 



1 -k' 



THEORY OF ANALYTIC FUNCTIONS. 



25 



and 



7] - yo + 2ao I _ 1^2 



\y - v\- 

respectively. 

Note 1. For k = 0, both inequalities reduce to identities. 

Note 2. For ?? = yo, the lower inequaUty reduces to theorem 2. 

Note 3. As a special case of theorem 3 we find for ?? = 0, k = kq 
and using the identity in lemma 2 : 



\y\ s 

and 

\y\ ^ 



yo - 2(A - diyo) 



R'^lx — Xo ^ 



(B'-\xo\')(R'-\x\') 






2/0 - 2{A - dtyo) 



R^lx - Xo\^ 



(R'-\xo\'){R'- \x\') 

, ^f. ^„ X R\x-Xo\\R' - XoX\ 

+ ^(A - Jiyo) (^2 _ I ^^ |2)(2e2 - I a; (2) • 

For Xo == the second of these two formulas reduces to a theorem due to 
Lindelof (ibid., written however in a simpler form), 



y\ s 



R \x 



2/(0) - 2(A - dtym jg2 '_ ^ 12 + 2(A - %(0)) -^ 



Carath^odory's theorem follows a fortiori from this theorem also. 

Theorem 4. Under the same assumptions as in theorem 1, and ri being 
a constant such that n =¥ vo and dt(n) < A* we have 



y ^ V for K = KoKi •■•Kn < 

Proof. We consider the function 

y - V y - V 



yo - V 



yo + v-2A 



•t 



y + ^-2A - n-2(A-dtr,) 

which is holomorphic for | a; | < jB since di(y + rj — 2A) < by our 
assumptions. Writing rj for 2/0 in the proof of theorem 1 we see at once 
that the function is < 1 in absolute value, and that it takes the value 



yo- V 



yo + V - 2A 



+ 



* For 31(77) ^ A we have y 4= »; in the entire given region \x\ < B. 
t This condition may also be written 



K^ < 



lyo-fil' + HA -^yo){A -9?.,) 
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for a; = Xo, Xi, • • •, x„. By reason of § 3 theorem 4 (in which we replace 
r]hy 0, y by the function just considered, and M by unity), our theorem is 
proved. (Another but less simple proof is obtained by applying the a 
method to the upper inequahty in theorem 3. The details of this are 
left to the reader.) 

Corollary. For k = ko we have 

R(x — Xo) 



y =¥ V 



when 



R^ — xox 



< 



yo- V 



or equivalently (by lemma 4, writing, x for u, Xo for Uq, 

for k, where | (yo — v)/(yo + rj — 2A) | | Xo | < | Xo | < -B), 
y =¥ v when 



yo- V 



X — Xo 



yo + V - 2A 

yo + v - 2A 

R%\ yo + v-2A\'-\yo-v\') 



R'\yo + v-2A\'-\ xoiyo - v) \' 



<R 



and in particular 
t/ =t= when 



(R^-\xo\')\yo + v-2A\ \ yo-v\ 
R'\yo + v-2A\'--\ Xoiyo - n) \' ' 



R'(\ yo-2A\'-\ yo \') 
^ ^"^2 \y,-2A\'-\ xoyo \' 



<R 



jR' -\xo\')\yo-2A\\ yo 



R'\yo-2A\'-\ Xoyo \' ' 
When we are satisfied with a smaller region, we have the simpler proposition : 

J. V, I I , (R'-\xo\')\yo- v\ 

w + t; when \x — Xo\ < -5-1 r"= — n a i 1 — ? — rr , 

" ' ' R \ yo + ri - 2A \ + \ Xoiyo - v) \ 

as is readily found by replacing | R' — xox | a fortiori by R^ — \ Xo\^ 
— I Xo(x — Xo) I in the condition given at the beginning. 

Theorem 5. Under the same assumptions as in theorem 1, we have 

- (A - %o) T^ ^ ^y - yo) S (A - myo) ^^ 



or 



1 - K 



-A^,+ dtiyo)l^^,^my)sA- ^' 



8t(2/o) 



1 + /C 
1 - K 



Proof. From theorem 1, II it follows a fortiori that 

..2 
(9^(2/ - yo)y = iao - ay S 4aoa 



1 - k' 



or equivalently (ao — o)^ S (cto + ayK^, or 

\a — ao\ 



K S 



a + ao ' 
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or 

a — ao 1 — K 1 + K 

K S ■ — j = — K, or flo 1 — ', — = a S ao -^ , 

a + Oo l + K 1 — k' 

which are equivalent to the inequaUties to be proved. 

Note 1. For k = 0, both inequalities reduce to identities. Supposing 
the inequalities to be true for a certain function y, it follows conversely 
from the inequalities to the right that ^(y) = dt(yo) for k = 0, and more- 
over we have a fortiori di(y — yo) < A — dt(yo) or dt{y) < A, provided 
there exists an Xo for which di(yo) < A. 

Note 2. For k = ko we have 

- ^^ - ^y''^\B^-fJ\'~R\l-xo\- ^^y - ^«) 

< /J c»> ^ 2ie [ X - Xo [ 

= {A- Jiyo) jj22 _ ^^ I + ^ I ^ _ a-^l . 
which reduces for Xo = to a formula given by Lindelof (I.e.", p. 15) : 

- (A - mm)j^j^^^ m - 2/(0)) S{A- %(0)) /|^!^| . 
CoBOLLAEY. When A' < dt(y) < A, then 

(A' - %o) 1^ ^ dt(y - yo) S{A- %o) j^. 

Proof by applying the inequality to the right, which we know already 
from theorem 5, to the function — y, since di(— y) < —A'. 

Theorem 6. Under the same assumptions as in theorem 1, we have 

\3(y - yo) I S2(A - dtyo)Y^2- 

Proof follows at once from theorem 1, III by replacing a fortiori 

y -yo + 2ao ^ _ ^ 

on the left by its imaginary part.* 

Note 1. For k = it follows from the inequahty that S(y) = Q(yo). 
The inequalities in theorems 5 and 6 taken together give again all the 
assimiptions from which we started, viz., y(Xy) = y(xo) ior v = 1, 2, • ■ -, n 
and 9? (2/) < ^1, provided that there exists an Xo for which dt(yo) < A. 

* In the particular case when x is known to have such a value that di{y) S 9i(2/o), theorem 1, 
II gives the stronger inequality 

I 3(2/ - 2/«) I ^ 2{A - diyo) —== ■ 
- ^11 - k' 
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Note 2. For k = ko, we have 

which gives, for Xo = 0, another formula due to Lindelof (I.e.) : 
I 3(y - 2/(0)) \^2(A- ^ym jgfj^].|3 - 

Theorem 7, concekning the derivative of y. Under the same assump- 
tions as in theorem 1, we have 



= "^^R' -\x\' = ^^R^ - I X p 1 - «• 



Proof. The first inequality is already known from note 2 to theorem 2. 
The second inequality follows by replacing a = A — 9?(y) a fortiori by 

Co j-^^ = (A - 9?^o) YZ^K 

in view of the last inequality in the proof of theorem 5. 

Note 1. For k = 0, the second and third members are identical; the 
second member may therefore be removed without making the formula 
less general. 

Note 2.t To find when the equality sign holds in this theorem, let us 
assume that for x = Xo and 2/ = y^ (| Xo | < R, dt(yo) < A) we have 



dy 
dx 



A- m(yo) 



The function 

^ y - yo R^ - ^qx^ 

^ ~ y — yo — 2ao R(x — Xo) 

is holomorphic for | x | < iB, and from theorem 1, I with k = kq, we find 
I tt I ^ 1 for I X I < E. Moreover, 

. N ,• R'-\xo \' ,,„ y-yo_ R'-\xo\' (dy\ 
«(xo) = \\mu= - op/ 4 _ ^,.\"^_ ■r-_ .^„ OP/ 4 _ ^,j,\ \ dx h 



ar-»Xo 



2R{A - diyo)J-^oX - ^0 2R{A - diyo) \dxJo' 

whence | u(xo) | = 1- By the argument used in § 3, theorem 1, note 2, it 

* When it is known moreover that 9i(j/) > A', we have a fortiori 

t This note has been changed in the translation to correspond to the changes in the note 
to lemma 6. 
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follows that M is a constant = — 7, where | 7 | = 1, and consequently 

, r> f A Ctt X R(X — Xq) 

y = yo + 2y{A - %o)^, _ ^^ + ^^(^ _ ^^) . 

Conversely, it is seen that for any y of this form, where | Xo | < R, 9? (2/0) 
< A, I 7 [ = 1, the equality sign holds to the left in our theorem when 

X = Xq. 

Note 3. Writing y as a power series in x 

y(x) = Co + Cix + dx^ + • • •, 

(with a radius of convergence S K), the first inequality in theorem 7 gives 
the relation 

i? I ci I S 2(^ - $«Co) 

for Xo = 0, as noted by Lindelof (I.e.). As in note 2 to theorem 5 in § 3 
we may derive from this the more general relation 

i2« I Cg I ^ 2{A - $Rco), 

q being a positive integer. 

Theorem 8, concerning the difference quotient of y. Under the 
same assumptions as in theorem 1, we have for x 4= x* 



y - y* 

X — X* 



^ {A - dtyKA - dly*) 
= ^ (R^ - \x\^)(R' -x*2)' 



X* being a new independent variable, and y* = y(x*). When conversely 
this inequality is satisfied, and there exists a certain vahie of x for which 
di(y) < A, then di(y) < A for all x. 

Proof. Theorem 1, II, states for k = ko that the inequality 



Ko^ I I-, AT,-) <^oa 



1 2/ - 2/0 M 4aoa j^^r^, = | x - Xo h^^ ^^^ _ | ^ p)(^2 _ | ^„ |.) 

is complete when an Xo exists such that di(yo) < A. Replacing Xo by x*, 
our theorem is proved. 

Note. When it is desired to avoid y or y* to the right in the inequality 
in theorem 8, we replace a fortiori (as in the preceding theorem) 

A-dl(y) by (A-dtyo)]^^ 
and 

1 + K* 



A - m*) by (A - %o) 



1 - K 



*• 



Exactly as in note 2 to theorem 6 in § 3, this may be varied in several ways. 



